ders it readily capable. The object of this note is to give this generalization.
It may be remarked that Mittag-Leffler had the necessary means at his disposal for the proof of Weierstrass's theorem in his memoir of 1884 above referred to. Let Q be an arbitrary, isolated set of points, infinite in number, and let Q' be the derivative of Q. Let Q' form the boundary of a continuum A, consisting of but one piece, within which the points Q lie. Mittag-Leffler showed that there exists a single-valued function, analytic within A, which vanishes at each point of Q, and nowhere else, and which therefore has in each point of Q' an essential singularity. In order tô obtain Weierstrass's theorem from this result it is sufficient to show that, an arbitrary continuum A, consisting of a single piece, being given, it is always possible to choose an isolated set of points Q, lying within A, in such a manner that the derivative, Q', coincides with the boundary of A. This theorem had been proved by Bendixson,* and MittagLeffler, in considering a theorem relating to the approximate representation of a given function, refers to this paper.f But that which is essential in Weierstrass's theorem is that it is an existence theorem-a continuum A is arbitrarily given and there exist functions having A as their domain of definition. This point of view, for the most general case, is lacking in Mittag-Leffler's paper. Mittag-Leffler nowhere refers to Weierstrass's theorem in its general form.
Let C be any set of points whatever forming the complete boundary of a continuum A lying in the a>plane, and let x = oo be an interior point of A. A set of points b 0 , b v •••, each belonging to 0, shall now be chosen in such a manner that each point of C not itself a 6-point shall have ^points clustering about it, and that furthermore, if these are taken as the 6-points of Poincaré's formula (1), p. 203, J the proof there given that the function <p(x) cannot be continued beyond A will hold with certain modifications to be pointed out.
Let the #-plane be divided up into squares, 2~n on a side, by lines drawn parallel to the axes of reals and pure im~ aginaries, these axes themselves belonging to these lines. In a square containing points of A and, in its interior or on its boundary, a point of 0, let a point x' of A be * u Un théorème auxilaire delà théorie des ensembles ;" Bihang till Kongl. SvensJca Vet. Ah. Handlingar, vol. 9, No. 7 (1884) .
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chosen in such a manner that its distance from some points of G is not greater than its distance from the boundary of the square. About %' as center draw a circle so small that it contains no points of C, and let its radius grow till one or more points of G lie on its circumference, but noue inside it. Choose one of these points of G as a point b. It will lie within or on the boundary of the square, since the circle does not extend beyond the boundary of the square. The number of squares corresponding to a given value of n, in which such 6-points lie, is finite. Let x Q be any point of A, B the radius of that circle about x 0 as center that contains at least one point of C on its circumference, but no point of C in its interior. Then Poincaré's analysis applies, without modification, to the proof that <p(x) is analytic at least within this circle. The special case that x 0 = oo presents no difficulty. Passing faow to the proof that <p(x) is not analytic throughout a larger circle about x 0 , Poinearé' s assumption that, to begin with, x 0 shall lie on a normal to G in a point b k shall be modified as follows : To the point b k as defined in the present note there corresponded a point x' of A such that the circle about x' passing through b k contained no point of G in its interior, but possibly an infinite number of points of C on its circumference. As point x 0 we will therefore choose a point lying on the line joining #' with b k and situated between these points. The circle described with this point x 0 as center and passing through b k will contain no point of C in its interior and only one point, namely, b k , on its circumference. To the power series -f (x) = fB q (x-x o y representing -<p(x) within this circle all of Poincaré's analysis applies without modification. Hence this circle is the true circle of convergence for this series.
Finally, for the case that x 0 is any point of A, Poincaré's reasoning, with the modification just given, still holds, and the theorem is thus established that <p(x) is analytic in A, but cannot be continued beyond A. ƒ (*) = z + ( a + 1) ( a + 2) + ( a * + 1)( y + 2) + ' "> where a is a positive integer greater than unity. This function is continuous within and on the boundary of the unit circle, is analytic within this circle, and cannot be continued analytically beyond it. I am indebted to Professor Hurwitz for an exceedingly simple proof of the principal theorem of my note, namely, that the inverse function is single-valued. The point to be established is that, z, z' being any two distinct points within or on the unit circle, ƒ(*)+ƒ 00-This follows at once by the application of a method employed by Professor Fredholm* to show that the inverse of the function
